We calculate the partial decay widths of the W boson at one loop in the standard model using the on-shell renormalization scheme endowed with a gauge-independent definition of the Cabibbo-Kobayashi-Maskawa (CKM) mixing matrix. We work in R ξ gauge and explicitly verify that the final expressions are independent of the gauge parameters. Furthermore, we establish the relationship between the on-shell and MS definitions of the CKM matrix, both in its generic form and in the Wolfenstein parameterization. As a by-product of our analysis, we recover the beta function of the CKM matrix.
Introduction
experimental data from the Tevatron and from LEP2. Furthermore, we establish the relationships between the CKM matrix elements renormalized according to the modified minimal subtraction (MS) scheme and their counterparts in the on-shell scheme. We also provide similar relationships appropriate for the Wolfenstein parameterization. From these relationships, we recover the beta functions of the CKM matrix elements [13] , which may be relevant for studies within grand unified theories.
This paper is organized as follows. In Sec. 2, we establish our formalism and outline our calculation. In Sec. 3, we exhibit the relationships between the CKM matrix elements defined in the on-shell and MS schemes and extract their beta functions. In Sec. 4 , we present our quantitative predictions. Our conclusions are contained in Sec. 5. In the Appendix, we list the fermion two-point functions at one loop in R ξ gauge. . (12) Here, Π BB ′ (k 2 ) is the transverse coefficient of the two-point function, at four-momentum k, of the gauge bosons B and B ′ , and Σ f,L/R/S ij (p 2 ) are the left-handed, right-handed, and scalar coefficients of the two-point function, at four-momentum p, of the fermions f i and f j , respectively. The latter are listed in Eq. (A.2) of the Appendix. The symbol Re takes the dispersive parts of the loop integrals appearing in the two-point functions and commutes with complex-valued parameters, such as V ij . As a consequence, δZ
by complex conjugation of the CKM matrix elements contained therein. From Eq. (A.2) it hence follows that δZ
through the interchange of m f,i and m f,j . In particular, we have δZ
ii . Notice that the vertex correction only depends linearly on V ij , which is factored out in Eq. (6).
1
All the renormalization constants appearing in Eq. (6) are ultraviolet (UV) divergent. If the renormalized parameters e, s w , V ij are to represent physical observables, they must be gauge independent, and so must the respective renormalization constants. This is well established for δe/e and δs w /s w given by Eqs. (7) and (8), respectively, while an appropriate definition of δV ij /V ij , namely Eq. (9), was proposed only recently [11, 12] . On the other hand, the field renormalization constants in Eq. (6) are gauge dependent and, with the exception of δZ do not yet appear in Eq. (4), the respective form factors are finite and gauge independent. However, δF − 1 is IR and UV divergent and gauge dependent. The righthand side of Eq. (6) is UV finite and gauge independent [11, 12] , but it is IR divergent. This IR divergence is cancelled in the one-loop expression for the partial decay width by the real bremsstrahlung correction δ ew b . Also including the one-loop QCD correction δ QCD , we have
where
with the virtual electroweak correction
Note that δ 
, replacing α with the strong-coupling constant α (n f ) s (µ), and including the overall colour factor C F = 4/3. Also δ QCD is IR and UV finite and gauge independent, as it must be because it exhausts the leading-order QCD correction to the physical process
In the lepton case, we have N f C = 1 and δ QCD = 0. Furthermore, we have V ij = δ ij and δV ij = 0 if we assume the neutrinos to be massless.
We computed all ingredients of Eq. (13) in R ξ gauge, with arbitrary gauge parameters ξ W , ξ Z , and ξ A , for finite fermion masses m f,i and m f ′ ,j and general CKM matrix V ij . We regularized the UV divergences by means of dimensional regularization (DR), in D = 4−2ǫ space-time dimensions, and the IR ones by introducing an infinitesimal photon mass λ. To guarantee the correctness of our results, we chose two independent approaches. The first approach was based on the program packages FeynArts [15] and FeynCalc [16] , which are written in Mathematica. FeynArts generates the relevant Feynman diagrams and translates them into T -matrix elements, in a format which is readable by FeynCalc. FeynCalc then simplifies the expressions and decomposes them into the standard oneloop scalar integrals A 0 , B 0 , and C 0 . The second approach was to essentially perform all the calculations by hand using well-tested custom-made programs, written in FORM [17] , in the intermediate steps. Both approaches led to identical results. Our results for the gauge-boson self-energies fully agree with those listed in Eqs. (7)- (10) of Ref. [18] and will not be presented here. The corresponding formulas in 't Hooft-Feynman gauge, with ξ W = ξ Z = ξ A = 1, may be found in Appendix B of Ref. [19] . Generic expressions for the fermion self-energies, which were originally derived in Ref. [11] , are specified in Eq. (A.2) of the Appendix. The diagonal fermion wave-function renormalization constants δZ f,L ii suffer from IR divergences. Therefore, we retained the infinitesimal photon mass λ in those parts of Eq. (A.2), from which IR divergences may arise. In the limit λ = 0, Eq. (A.2) agrees with Eqs. (B1)-(B3) of Ref. [20] . 2 The corresponding formulas in 't Hooft-Feynman gauge may be found in Appendix A of Ref. [21] . We do not display our analytical results for the form factors δF σ a because they are somewhat lengthy. They can be compared with the literature in the limiting cases ξ W = ξ Z = ξ A = 1 [4, 14] or m f,i = m f ′ ,j = 0 [18] . In the first case, we find agreement with Eqs. (27)- (29) of Ref. [4] . 3 In the second case, only the form factor δF − 1 survives, as may be seen from Eq. (3), and we find agreement with Eq. (33) of Ref. [18] . We verified the expressions for δ At this point, we should comment on a very recent paper [22] in which a new renor- are to be calculated, but it is immaterial for the purposes of Ref. [20] . 3 The function in the seventh line of Eq. (29) should carry the superscript "σ" instead of "−".
malization prescription for the CKM matrix is proposed. The quantity T 1 , defined in Eq. (4) of Ref. [22] , corresponds to our quantity M
, defined in Eq. (6) above. The authors of Ref. [22] claim that the finite part of M
becomes gauge dependent if δV ij is omitted. In order to substantiate this claim, they introduce, in Eq. (23), the auxiliary quantity δX ud , which is to represent the difference between M
and its counterpart for V ij = δ ij . In our notation, this quantity reads
where the subscript " [1] " indicates that the identification V ij = δ ij is to be made. They find that this quantity is gauge dependent, and propose to define δV ij = −δX ij . From our above discussion, it is clear that δV ij must be gauge independent, in order for the renormalized parameters V ij to be gauge independent. Otherwise, the latter would not qualify as physical observables. Furthermore, we verified, by inspecting the analytic expressions, that M
w is gauge independent, in accordance with Refs. [11, 12] . This implies that the quantity δX ij , defined in Eq. (16), is also gauge independent, as we explicitly checked. Finally, we remark that the expression for T 1 given in Eq. (24) of Ref. [22] differs from that given in Eq. (4) ibidem by finite terms because δg/g and δZ W do depend on V ij . Equation (13) is formulated in the pure on-shell renormalization scheme, which uses α and the physical particle masses as basic parameters. In this scheme, large electroweak corrections arise from fermion loop contributions to the renormalizations of α and s w . As in any charged-current process, these corrections can be greatly reduced by parameterizing the lowest-order result with Fermi's coupling constant G F and M W instead of α and s w . This can be achieved with the aid of the relationship [23] 
where ∆r contains those radiative corrections to the muon decay width which the SM introduces on top of the purely photonic corrections from within Fermi's model. At one loop, we have [23] 
The last term herein represents the vertex and box corrections to the muon decay width in 't Hooft-Feynman gauge. Thus, the Π BB ′ functions in Eq. (18) have to be evaluated in this gauge, too. We recall that Eq. (18) is gauge independent [24] and finite. The quantity
receives important contributions from the light-quark flavours, which cannot be reliably predicted in perturbative QCD. This problem is usually circumvented by relating the finite and gauge-independent quantity
via a subtracted dispersion relation to experimental data on the total cross section of inclusive hadron production in e + e − annihilation. In our numerical analysis, we substitute (5) and (14) and, in turn, include the term −∆r, evaluated from Eq. (18), within the parentheses on the right-hand side of Eq. (13) . Then, the quantity ∂Π
exactly cancels, so that the theoretical uncertainty in ∆α
does not affect our results.
MS Definition of the CKM Matrix
The relationship between the on-shell and MS definitions of the CKM matrix may be conveniently revealed by considering the identity
where the superscript "0" labels bare quantities, and MS quantities are marked by a bar. By definition, δV ij is the UV-divergent part of δV ij , proportional to 1/ǫ + ln(4π) − γ E , where γ E is Euler's constant. We thus obtain the relationship
is a finite shift, which depends on the 't Hooft mass scale µ of DR. Inserting Eq. (A.2) in Eq. (9) and performing the MS subtraction, we find
The µ dependence ofV ij (µ) is described by the β function
Inserting Eq. (21) into Eq. (25), we obtain the one-loop expression
which agrees with the one given in Ref. [13] . The standard parameterization of V ij utilizes three angles, θ 12 , θ 23 , and θ 13 , and one phase, δ 13 [25] . A popular approximation that emphasizes the hierarchy in the size of the angles, sin θ 12 ≫ sin θ 23 ≫ sin θ 13 , is due to Wolfenstein [26] , where one sets λ = sin θ 12 , the sine of the Cabibbo angle, and then writes the other CKM matrix elements in terms of powers of λ. Through O(λ 3 ), one has [25]
where A, ρ, and η are real numbers, which were intended to be of order unity. The relationships between the parameters λ, A, ρ, and η in the on-shell scheme and their counterparts in the MS scheme may be obtained with the aid of Eq. (21) and read 
For µ = M W , these approximations agree with the exact results, evaluated from Eq. (28), within an error of less than 10 −5 .
Numerical Results
We now describe our numerical analysis of Eq. (13), with the modifications specified at the end of Sec. 2. We evaluated the A 0 , B 0 , and C 0 functions with the aid of the Fortran program package FF [27] , which is embedded into the Mathematica environment through the program package LoopTools [28] . We performed several checks for the correctness and the stability of our numerical results. As we demonstrated in Sec. 2, Eq. (13) is IR and UV finite and gauge independent, as a consequence of cancellations among the various terms contained in Eqs. (14) and (15) . We can check the IR finiteness and gauge independence numerically by varying the IR regulator λ and the gauge parameters ξ W , ξ Z , and ξ A , respectively. In the physical limit D → 4, the UV divergences appear as terms proportional to 1/ǫ + ln(4π) − γ E , which are accompanied by a term ln(µ 2 /M 2 ), with M being a characteristic mass scale of the considered loop integral. Although we nullified 1/ǫ + ln(4π) − γ E in our computer program, we can check the UV finiteness numerically by varying the 't Hooft mass scale µ. A further check on the stability of our numerical analysis can be obtained by directly evaluating the two-and three-point tensor integrals with the aid of LoopTools instead of applying the Passarino-Veltman reduction algorithm [29] . Our numerical analysis passed all these checks. Finally, we managed to reproduce the numerical results of Ref. [14] after adopting the definition of δV ij , the choice of gauge, and the values of the input parameters from there.
We use the following input parameters [25, 30] : Table 1 : Partial widths (in GeV) of the hadronic W -boson decays at one loop, for M H = 250 GeV. The results obtained in 't Hooft-Feynman gauge with δV ij as defined in Ref. [10] are compared with ours.
not jeopardize the reliability of our theoretical predictions. We take the neutrinos to be massless. For simplicity, we assume that δ 13 = 0. Then, the values for s ij = sin θ ij provided in the last row of Eq. 
These values approximately satisfy the unitarity condition V ik V † kj = δ ij . 4 We evaluate
(µ) appearing in δ QCD at the renormalization scale µ = M W with n f = 5 active quark flavours from the one-loop relation
where β 0 = 11/4 − n f /6. For the Higgs-boson mass, we consider the values M H = 100, 250, and 600 GeV. We now present our numerical results. We first investigate the quantitative significance of the definition of δV ij . Toward this end, we compare, in Table 1 , our results for the partial widths of the various hadronic W -boson decay channels with those obtained in 't HooftFeynman gauge with the definition of δV ij proposed in Ref. [10] , assuming M H = 250 GeV. The relative deviations are largest for the final states involving the b quark, where they are of order αm
Although small against the present experimental accuracies [25, 30] , they are of the same order as the entire shifts due to the renormalization of the CKM matrix [10] . We stress that the numbers in the second column of Table 1 do depend on the choice of gauge. However, this gauge dependence turns out to be feeble. In Table 2 Table 2 : Partial decay widths (in GeV) of the W boson at tree level and at one loop, for M H = 100, 250, or 600 GeV. we present our tree-level and one-loop results for the leptonic and hadronic partial decay widths of the W boson, assuming M H = 100, 250, or 600 GeV. In the leptonic channels, the radiative corrections are nearly flavour independent and amount to approximately −0.3%. In the hadronic channels, the corrections range between 3.5% and 3.8% and are dominantly of QCD origin. In all cases, the M H dependence is feeble, of relative order 10 −5 . Finally, we determine the uncertainties in our theoretical prediction for the total W -boson decay width Γ W due to the errors on our input parameters. Specifically, the variations of G F , α 
Conclusions
We calculated the partial decay widths of the W boson at one loop in the SM using the on-shell scheme endowed with the gauge-independent definition of the CKM matrix V ij recently proposed in Refs. [11, 12] . Working in R ξ gauge, we explicitly verified that the final expressions are independent of the gauge parameters. In particular, the renormalization constant δV ij /V ij (9) and the one-loop amplitude M W f i f ′ j 1 (6) of the W -boson decay to quarks (1) with this renormalization constant removed are separately gauge independent. In this respect, we disagree with the findings of Ref. [22] . The difference between our analysis and the corresponding one with the gauge-dependent definition of δV ij /V ij from Ref. [10] is of the same order as the entire effect due to the renormalization of the CKM matrix, but it is small compared to the present experimental precision. Furthermore, we established the relationship between the on-shell and MS definitions of the CKM matrix, both in its generic form [25] and in the Wolfenstein parameterization [26] . As a by-product of our analysis, we recovered the beta function of the CKM matrix [13] .
Note added
In the meantime, a revised version of Ref. [22] has appeared, in which the weaknesses pointed out in Sec. 2 have been remedied.
